In this paper we study the properties of the Lebesgue constant of the conjugate transforms. For conjugate Fejér means we will find necessary and sufficient condition on t for which the estimation E σ (t) n f E |f | holds . We also prove that for dyadic irrational t,
In case f ∈ L 1 , the maximal function can also be given by the conjugate transforms are defined by
where t ∈ I is fixed.
Note that f (0) = f. As is well known, if f is an integrable function, then conjugate transforms f (t) do exist almost everywhere, but they are not integrable in general.
The following equation holds ( [18, 19] )
Hp
= f Hp (0 < p < ∞, t ∈ I) .
Furthermore, Khintchines inequality implies that
Let Q (L) = Q (L) (I) be the Orlicz space [9] generated by Young function Q, i.e. Q is convex continuous even function such that Q(0) = 0 and
This space is endowed with the norm f Q(L)(I) = inf{k > 0 :
In particular, if Q(u) = u log(1 + u), u > 0 then the corresponding space will be denoted by L log + L(I). Recall that ( [14] , [8] )
Walsh system and conjugate Fejér means
.
Hence,
The partial sums of the Walsh-Fourier series are defined as follows:
where the number
For any given n ∈ N it is possible to write n uniquely as
where n k = 0 or 1 for k ∈ N. This expression will be called the binary expansion of n and the numbers n k will be called the binary coefficients of n.
Define the variation of an n ∈ N with binary coefficients (n k : k ∈ N) by
For n, m ∈ N and 2 N ≤ n < 2 N +1 we define T (n, m) := {i : n i = n i−1 , m i = m i−1 , i = 0, 1, ..., N − 1} . The Fejér means of Walsh-Fourier series is defined as follows
If f ∈ L 1 then it is easy to show that the sequence (E n (f ) : n ∈ N) is a martingale. If f is a martingale, that is f = (f (n) : n ∈ N) then the Walsh-Fourier coefficients must be defined in a little bit different way:
The Walsh-Fourier coefficients of f ∈ L 1 are the same as the ones of the martingale (E n (f ) : n ∈ N) obtained from f . Let β 0 (t) := r 0 (ρ (t)) , β k (t) := r n (ρ (t)) if 2 n−1 ≤ k < 2 n . Then the nth partial sums of the conjugate transforms is given by
It is easy to see that (−1) t l = 1 − 2t l . Then for D (t) n we can write
Then from (2) we get
. The conjugate (C, 1)-means of a martingale f are introduced by
The notiation a b in the proofs stands for a < c·b, where c is an absolute constant.
Two Sides Estimation of Lebesgue Constant of Conjugate Walsh-Fourier Series
Denote by L n the lebesgue constants of the Walsh system:
These constants were studied by many authors. For the trigonometric system it is important to note that results of Fejér and Szegő, the letter gave in [16] an explicit formula for Lebesgue constants, namely,
Along with the trigonometric system the Walsh-Paley system is also severely studied for its importance in applications. The most properties of Lebesgue constants with respect to the Walsh-Paley system were obtained by Fine in [2] . In ( [14] , p. 34), the two-sided estimate
is proved. In [10] , Lukomskii presented the estimate L n ≥ V (n) /4. Malykhin, Telyakovskii and Kholshchevnikova [11] improved the estimation (4) and proved the following Theorem MTK. For any positive integer n, the two-sided inequality
is valid. Here the factors 1/3 and 1 are sharp.
We would like to mention the work of Astashkin and Semenov [1] in which the sharp two-sided estimate for Lebesgue constants with respect to Walsh-Paley system are obtained.
In the paper [17] Toledo studied the sequence of numbers K n 1 which consists of the L 1 -norm of Walsh-Fejér kernels and he proved that
Denote by L (t) n the lebesgue constants of the conjugate transforms:
Let n is positive integer and
In this section we study the properties of the Lebesgue constant of the conjugate transforms.
We have
It is easy to see that
For J 2 and J 3 we can write
Combining (5)- (8) we conclude that
First, we prove that S(n) ≥ S(n(e)),
where n(e) = n N 2 N + ... + n e+1 2 e+1 + n e−1 2 e + .... + n 0 2 1 .
and n e = n e−1 = n e+1 .
Set
Then,
Since
We can write α i (n) − α i (n(e)) = n 0 2 0 + · · · + n i−1 2 i−1 − n i 2 i − n (e) 0 2 0 + · · · + n (e) i−1 2 i−1 − n (e) i 2 i = n 0 2 0 + · · · + n i−1 2 i−1 − n i 2 i − n 0 2 1 + · · · + n e−1 2 e + n e+1 2 e+1 + · · · + n i−1 2 i−1 − n i 2 i .
Suppose that n i = 1. Then we can write
Let now consider the case when n i = 0. Then we have
So, we get following
And finally we get S(n) − S(n(e)) = e−1 j=0 n j 2 j − 2 e n e i∈Ae(n)
From the definition of function V (n) it is easy to see that V (n) = V (n(e)).
If we continue this process it is easy to see that we will get
Without lost of generality we can suppose that, n ′ 0 = 0. Hence n ′ = (010101...) .
Note, that
and S (n) ≥ S n ′ . Now, we calculate S (n ′ ). We suppose that V (n ′ ) = 2s. It is easy to see that
and α 2m−1 = 2 1 + 2 3 + · · · + 2 2m−3 − 2 2m−1 = 2 2m + 2 3 .
Then we can write
Consequently,
It is easy to see that if n i = n i−1 then
So, we have (11) i∈T (n,m)
Combining (??) and (??) we have
On the other hand, we can write
Combining (12) and (13) we have
Now, we prove upper estimation. First, we prove
Suppose that A(m) ∪ T (n, m) = {r 1< r 2 ...... < r s } . Then
Let n i = n i+1 for some i. Then it is easy to see that
From (16) and (17) (18) L (t) n ≤ 2V (m) + |T (n, m)| + 2. Combining (12), (13) and (18) we complete the proof of Theorem 1.
Uniformly boundedness of conjugate Fejér means
The first result with respect to the a.e. convergence of the Walsh-Fejér means σ n f is due to Fine [3] . Later, Schipp [12] showed that the maximal operator σ * f := sup n |σ n f | is of weak type (1, 1), from which the a. e. convergence follows by standard argument. Schipp result implies by interpolation also the boundedness of σ * : L p → L p (1 < p ≤ ∞). This fails to hold for p = 1 but Fujii [4] proved that σ * is bounded from the dyadic Hardy space H 1 to the space L 1 (see also Simon [13] ). Fujii's theorem was extended by Weisz [20] . Namely, he proved that the maximal operator σ * f and the conjugate maximal operator σ (t) * are bounded from the martingale Hardy space H p to the space L p for p > 1/2. Simon [15] gave a counterexample, which shows that this boundedness does not hold for 0 < p < 1/2. In [7] (see also [6] , [5] ) the first author proved that the maximal operator σ (t) * is not bounded from the Hardy space H 1/2 to the space L 1/2 .
Weisz [20] , [21] considered the norm convergence of conjugate Fejér means. In particular, the following is true Theorem A (Weisz). If t ∈ I then
whenever p > 1/2.
Theorem A imply that the following is true.
Theorem B. Let f ∈ L log L and t ∈ I. Then
On the othar hand, for t = 0 we have following estimation.
Theorem C. Let f ∈ L 1 . Then
In this paper we will find necessary and sufficient condition on t for which the estimation (20) holds for conjugate Fejér means. We also prove that for dyadic irrational t, L log L is maximal Orlicz space for which the estimation (19) is valid. Then sup
Proof of Theorem 2. Let 2 A ≤ n < 2 A+1 . Then we can write
For J 1 f we can write
It is easy to see that r l (t) = (−1) t l = 1 − 2t l . Then for D (t) 2 l we can write
From (24) we get
Combining (23)-(30) we complete the proof of Theorem 2.
Proof of Theorem 3. Since t / ∈ Q there exists a sequences {p i : i ∈ P} and {q i : i ∈ P} such that
Define the function
where I E is characteristic function of the set E. It is easy to see that
We can write (see (23) and (27))
From (24), (25) and (31) we have
Suppose that x ∈ ∆ i for some i = 1, 2, ..., A.
Then
Therefore, for m > p A we obtain (see 29)
it is easy to calculate that
Hence, from (34) for m ≥ p A + 1 and x ∈ ∆ i , i = 1, 2, ..., A we have
Consequently, for x ∈ ∆ i we get
By virtue of estimate (see ([9] )) f A Q(L) ≤ 1 + E |Q (f A )| , from (31) and (38) we can write
Consequently, by (37) we have
The fact that Q (L) L log L is equalent to the condition lim u→∞ u log u Q (u) = ∞.
Then there exists {u k : k ∈ P} such that lim k→∞ u k log u k Q (u k ) = ∞, u k+1 > u k , k = 1, 2, ... and a monotonically increasing sequence of positive integers {A k : k ∈ P} such that 2 2A k ≤ u k < 2 2(A k +1) . Then we have
Then, from (39) we conclude that Theorem 3 is proved.
